ABSTRACT. Quasi-homogeneous surfaces, or Gizatullin surfaces, are normal affine surfaces such that there exists an open orbit of the automorphism group with a finite complement. If the action of the automorphism group is transitive, the surface is called homogeneous. Examples of non-homogeneous Gizatullin surfaces were constructed in [Ko], but on more restricted conditions. We show that a similar result holds under less constrained assumptions. Moreover, we exhibit examples of smooth affine surfaces with a non-transitive action of the automorphism group whereas the automorphism group is huge. This means that it is not generated by a countable set of algebraic subgroups and that its quotient by the (normal) subgroup generated by all algebraic subgroups contains a free group over an uncountable set of generators.
Introduction
Let K be an algebraically closed ground field K. Quasi-homogeneous surfaces or Gizatullin surfaces were studied by Danilov and Gizatullin ([DG1] , [DG2] and [DG3] ). These are normal affine surfaces over K which, except for K * ×K * , satisfy one of the equivalent conditions in the following theorem:
Theorem 1.1. (see [Gi] and [Du] for the normal case) For a normal affine surface that is non-isomorphic to K * × K * , the following conditions are equivalent:
(1) The automorphism group Aut(V ) acts on V with an open orbit O, such that the complement V O is finite (O is called the big orbit of Aut(V )). (2) V admits a smooth compactification by a smooth zigzag D. In other words, V = X D, where X is a complete surface smooth along D and D is a linear chain of smooth rational curves with simple normal crossings.
Recall that the Makar-Limanov invariant ML(V ) of an affine surface V is defined to be the intersection of all kernels of locally nilpotent derivations of the coordinate ring K [V ] . Assuming now that char(K) = 0, these two conditions are, except for V = K * × A 1 , equivalent to ML(V ) being trivial, that is, ML(V ) = K. Normal affine surfaces V satisfying one of the equivalent conditions of Theorem 1.1 are called quasihomogeneous surfaces or Gizatullin surfaces. Moreover, V is called homogeneous if O coincides with V reg , that is, if Aut(V ) acts transitively on V reg . In particular, the automorphism group of a Gizatullin surface V is quite large compared to surfaces in general.
In positive characteristic, examples of quasi-homogeneous surfaces which are not homogeneous were early known, see [DG1] . Gizatullin formulated in [Gi] his conjecture that every smooth quasi-homogeneous surface is already homogeneous if K has characteristic 0. In [Ko] the author constructed counterexamples to this conjecture.
The aim of this article is to strengthen the main result of [Ko] and to construct more general families of quasi-homogeneous surfaces, which are not homogeneous. This provides a criterion for a quasihomogeneous surface to be non-homogeneous under less constrained assumptions. In particular, we determine finite subsets that are invariant under the action of Aut(V ).
Let (X, D) be an SNC-completion of a Gizatullin surface V so that V = X D and D is a simple normal crossing divisor. By applying suitable birational transformations we can transform D into standard form ( [DG2] ). The latter means that D = C 0 ∪ ⋯ ∪ C n is a chain of smooth rational curves with either C is called the type of D. Up to reversion, the standard form of the boundary divisor D is an invariant of the abstract isomorphism type of V ( [FKZ1C] Cor. 3.33'). However, since this invariant provides little information about the surface in general, it is more convenient to consider a stronger invariant, the so called extended divisor D ext , which is defined as follows. Since C 2 0 = C 2 1 = 0, we obtain two P 1 -fibrations Φ 0 ∶= Φ C 0 ∶X → P 1 and Φ 1 ∶= Φ C 1 ∶X → P 1 , whereX is the minimal resolution of singularities of X. By [FKZ2] , Lemma 2.19, Φ 0 has at most one degenerate fiber, without lost of generality the fiber over 0, and the extended divisor of (X, D) is
By construction, the extended divisor D ext always contains the boundary divisor D, and is a tree ( [FKZ3] , Prop. 1.11). The connected components of D ext − D are called feathers. We denote them by F i,j , 2 ≤ i ≤ n, j ∈ {1, . . . , r i } and assume that F i,j is attached to the curve C i at the point P i,j . Moreover, if X is smooth (henceX = X), the feathers are irreducible. Furthermore, the Matching Principle (cf. [FKZ4] ) provides a natural bijection between feathers F i,j of (X, D) and feathers
, which is obtained by reversing the boundary zigzag.
We concentrate on smooth Gizatullin surfaces which admit a (−1)-completion (see Def. 3.1). These are, by definition, Gizatullin surfaces which admit a standard completion (X, D) such that every feather of D ext has self-intersection number −1. The following theorem (see Theorem 3.9), which is the main result of this article, provides a wide class of smooth non-homogeneous Gizatullin surfaces: Theorem 1.2. Let V be a smooth Gizatullin surface which admits a (−1)-completion (X, D). Let A i = {P i,1 , . . . , P i,r i } ⊆ C i (C i−1 ∪C i+1 ) ≅ C * be the base point set of the feathers F i,j . For a finite subset A ⊆ C * , we denote by G(A) the group {α ∈ C * α ⋅ A = A}, and for an inner boundary component C i of D, such that i ∈ E D ∪E Otherwise, we let for i ≤ ⌊ n 2 ⌋ + 1
where we identify B i,j with B i ∨ ,j under a suitable isomorphism C i (C i−1 ∪C i+1 ) ∼ → C n+2−i (C n+3−i ∪C n+1−i ). Moreover, in both cases, we let
Then the following hold:
(1) The subsets O 0 and O i,j are invariant under the action of Aut(V ). Moreover, O 0 contains the big orbit O.
(2) Let F be a feather of D ext which is attached to C i , such that either C i is an outer component or i ∈ E D ∪ E ∨ D ∨ holds. Then F D is contained in O. (3) Assume, that r i > 0 holds for a unique i ∈ {2, . . . , n}. Then the subsets O 0 and O i,j form the orbit decomposition of the natural action of Aut(V ) on V . In particular, O = O 0 holds.
We will also exhibit among these non-homogeneous Gizatullin surfaces examples of surfaces which admit a huge group of automorphisms. Here we say that an automorphism group Aut(V ) is huge, if:
(1) The (normal) subgroup Aut(V ) alg generated by all algebraic subgroups is not generated by a countable set of algebraic subgroups, and (2) The quotient Aut(V ) Aut(V ) alg contains a free group over an uncountable set of generators. Other examples of Gizatullin surfaces with huge automorphism group were constructed in [BD2] . More precisely, it is shown that if V is a smooth Gizatullin This article is structured as follows. In section 2 we recall the basic notions and tools concerning A 1 -fibrations and A 1 -fibered surfaces. We recall the notion of the extended divisor and the Matching Principle.
In section 3 we apply these tools to give a description of the correspondence fibration for a smooth Gizatullin surface in the general case. This description allows us to deduce Theorem 3.9.
Finally, section 4 deals with the structure of the automorphism group of some special smooth Gizatullin surfaces. In particular, we exhibit the promised examples of non-homogeneous Gizatullin surfaces with a huge automorphism group.
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Preliminaries

A
1 -fibered surfaces and Gizatullin surfaces. In this section we recall some basic facts about A 1 -fibered surfaces and, in particular, about Gizatullin surfaces. We work over the field K = C of complex numbers, but all results stated in this section are also valid for an arbitrary algebraically closed field of characteristic 0. Let us recall the notion of an oriented zig (see [DG2] ). Definition 2.1. A zigzag D on a normal projective surface X is an SNC-divisor supported in the smooth locus X reg of X, with irreducible components isomorphic to P 1 and whose dual graph is a chain. If supp(D) = ⋃ n i=0 C i is the decomposition into irreducible components, one can order the C i such that
A zigzag with such an ordering is called oriented and the sequence
The same zigzag with the reverse ordering is denoted by
An oriented sub-zigzag of an oriented zigzag is an SNC-divisor
which is a zigzag for the induced ordering. We say that an oriented zigzag D is composed of sub-zigzags Z 1 , . . . , Z s , and following [BD1] we denote D = Z 1 ▷ ⋯ ▷ Z s , if the Z i , 1 ≤ i ≤ s, are oriented sub-zigzags of D whose union is D and the components of Z i precede those of Z j for i < j.
Surfaces completable by a zigzag were first studied by Danilov and Gizatullin ([Gi] , [DG2] and [DG3] ).
Definition 2.2. Normal affine surfaces V satisfying one of the conditions in Theorem 1.1 are called quasi-homogeneous surfaces or Gizatullin surfaces. If the big orbit O of the natural action of Aut(V ) on V coincides with V reg , then V is called homgeneous.
For the rest of this article we fix the following notation:
Notation: If V is a Gizatullin surface and (X, D) is a completion of V by a zigzag D, then D = C 0 +⋯+C n and C i and C j have a non-empty intersection only for i − j = 1. In particular, the natural number n always denotes the length of the boundary zigzag D.
Let V be a Gizatullin surface and (X, D) be a completion of V by a zigzag. We can associate a linear weighted graph Γ D to (X, D) as follows. The vertices v i , 0 ≤ i ≤ n, are the boundary components C i and the weights are the corresponding self-intersection numbers w i ∶= C 2 i . In other words, Γ D has the form
Applying a suitable sequence of blow-ups and blow-downs we can transform the dual graph Γ D of D into standard form, i. e. we can achieve that [DG2] , [Da] , [FKZ1] ). Moreover, this representation is unique up to reversion meaning that for two standard forms
The reversion process can be described as follows. We start with a boundary divisor of type 
Let (X, D) be an m-standard pair and let (X, D) → (X, D) be a minimal resolution of singularities. SinceX is rational and C 0 is a 0-curve, the linear system C 0 defines a P 1 -fibrationπ = Φ C 0 ∶X → P 1 .
In particular, if m = 0, there are even two P 1 -fibrations Φ 0 ∶= Φ C 0 , Φ 1 ∶= Φ C 1 ∶X → P 1 , and thus a morphism
which is birational ([FKZ2], Lemma 2.19). Choosing suitable coordinates on the quadric Q we can assume
We also denote the full fiber Φ −1 0 (0) by D (e) . For determining the structure of the extended divisor, we recall the notion of a feather :
(1) A feather is a linear chain
of smooth rational curves such that B 2 ≤ −1 and F 2 i ≤ −2 for all i ≥ 1. The curve B is called the bridge curve.
(2) A collection of feathers {F ρ } consists of feathers F ρ , 1 ≤ ρ ≤ r, which are pairwise disjoint. Such a collection will be denoted by a plus box
(3) Let D = C 0 + ⋯ + C n be a zigzag. A collection {F ρ } is attached to a curve C i if the bridge curves B ρ meet C i in pairwise distinct points and all the feathers F ρ are disjoint with the curves C j for j ≠ i.
Lemma 2.5. ([FKZ3] , Prop. 1.11) Let (X, D) be a minimal SNC completion of the minimal resolution of singularities of a Gizatullin surface V . Furthermore, let D = C 0 + ⋯ + C n be the boundary divisor in standard form. Then the extended divisor D ext has the dual graph
where {F i,j }, j ∈ {1, . . . , r i }, are feathers attached to the curve C i . Moreover,X is obtained from
by a sequence of blow-ups with centers in the images of the components C i , i ≥ 2.
Notation: For the rest of this article, the numbers r 2 , . . . , r n always denote the number of feathers attached to C 2 , . . . , C n .
Remark 2.6. We consider the feathers F i,j ∶= B i,j + F i,j,1 + ⋯ + F i,j,k i,j mentioned in Lemma 2.5. The collection of linear chains R i,j ∶= F i,j,1 + ⋯ + F i,j,k i,j corresponds to the minimal resolution of singularities of V . Thus, if (X, D) is a standard completion of V and (X, D) is the minimal resolution of singularities of (X, D), the chain R i,j contracts via µ ∶ (X, D) → (X, D) to a singular point of V , which is a cyclic quotient singularity. In partcular, V has at most cyclic quotient singularities (see [Mi] , §3, Lemma 1.4.4
(1) and [FKZ3] , Remark 1.12). It follows that V is smooth if and only if every R i,j is empty, i. e. if every feather F i,j is irreducible and reduces to a single bridge curve B i,j ([FKZ3], 1.8, 1.9 and Remark 1.12).
In the following we abbreviate the subdivisor
A similar statement as in Lemma 2.5 holds for minimal resolutions of singularities of 1-standard completions of Gizatullin surfaces. They arise as blow-ups of the Hirzebruch surface F 1 .
Lemma 2.7. ([BD1], Lemma 1.0.7) Let (X, D) be a 1-standard pair and let µ ∶X → X be the minimal resolution of singularities of X. Then there exists a birational morphism η ∶X → F 1 , unique up to an automorphism of F 1 , that restricts to an isomorphism outside the degenerate fibers ofπ ○ µ, and satisfies the commutative diagramX
) is another 1-standard pair with associated morphism η
) are isomorphic if and only if there exists an automorphism of F 1 isomorphically mapping
) and isomorphically sending the base-points of η −1 (including infinitely near ones) onto those of η ′−1 .
The study of automorphisms of quasi-homogeneous surfaces leads in a natural way to the study of birational maps betweens their completions. Indeed, every automorphism of a quasi-homogeneous surface V can be extended to a birational automorphism of a standard completion (X, D) of V . However, birational automorphisms can be controlled much better, since they admit decompositions into "elementary" birational maps (see Prop. 2.12).
In the following we give a short description of birational maps between standard pairs as well as between 1-standard pairs. It follows from [BD1] , Lemma 2.1.1 that every birational map
between 1-standard pairs, which is not an isomorphism, has a unique base point p ∈ C 0 . This base point is called the center of ϕ. In general, this yields qualitatively different maps depending on whether p ∈ C 0 ∩ C 1 or p ∈ C 0 C 1 . We recall these two types of birational maps in the following definition:
) be a birational map between 1-standard pairs and let D =
n be the oriented boundary divisors. (1) (Fibered modification) ϕ is called a fibered map if it restricts to an isomorphism of A 1 -fibered quasiprojective surfaces
ϕ is called fibered modification if it is not an isomorphism. (2) (Reversion) ϕ is called reversion if it admits a resolution of the form
where H is a zigzag with boundaries C 0 (left) and C Remark 2.9. In a similar way we define fibered modifications for m-standard pairs: a birational map
) between m-standard pairs is called a fibered modification if it restricts to an isomorphism of A 1 -fibered quasi-projective surfaces
and is not an isomorphism.
) between 1-standard pairs is centred in p ∈ C 0 C 1 . Furthermore, the center p gives the full control over the reversion: 
unique up to an isomorphism at the target, having p as a unique proper base point. Moreover, if
Every birational map between standard completions decomposes into "elementary maps", fibered modifications and reversions, as the following proposition states:
) be a birational map between standard pairs. Then there exists a decomposition
such that each ϕ i is either a reversion or a fibered modification.
Prop. 2.11 holds as well for 1-standard pairs. We will need the following statement in Section 4, in particular, its uniqueness part:
If ϕ is not an isomorphism, then it can be decomposed into a finite sequence
of fibered modifications and reversions between 1-standard pairs (X i , D i ). Moreover, such a factorization of minimal length is unique, meaning, if
is another factorization of minimal length, then there exist isomorphisms of 1-standard pairs 
So for every t with 2 ≤ t ≤ n + 1 we obtain a new completion (W, E) of V with boundary divisor [[w 2 , . . . , w t−1 , 0, 0, w t , . . . , w n ]], i. e.
∨ with their proper transforms in W . In particular, we can write E as Remark 2.17. Note, that the condition i + j ≥ n + 2 is essential. Indeed, every feather F t−1,ρ is a section of ψ and therefore it meets every fiber of ψ.
Moreover, if the condition i + j ≥ n + 2 does not hold, the feathers F and F ∨ may intersect in more than one point. For example, consider a Gizatullin surface V with extended divisor
, and denote the feather attached to C i by F i . Then, using the algorithm in section 3.1 below (or [FKZ4] , 5.1.1), it is easy to see that
Configuration spaces and the configuration invariant. We consider a smooth Gizatullin surface V with a standard completion (X, D). The sequence of weights [[w 2 , . . . , w n ]] (up to reversion) of the boundary divisor D is a discrete invariant of the abstract isomorphism type of V ([FKZ1C], Cor. 3.33'). However, two Gizatullin surfaces may be non-isomorphic, even if the dual graphs their extended divisors coincide. The reason is, that the configurations of the base points p i,j = F i,j ∩C i of the feathers may differ. A partial solution to this problem is a stronger continuous invariant of V , the configuration invariant, which takes such configurations into account. In the following we recall the notion of the configuration invariant (see [FKZ4] , Section 3).
For a natural number s ≥ 1 we denote the configuration space of all s-points subsets {λ 1 , . . . , λ s } ⊆ A 
.
the group C * acts on M * s and we let
Before introducing the configuration invariant we have to distinguish two types of boundary components.
Definition 2.18.
(1) For a natural number i ∈ {2, . . . , n} s i shall denote the number of feathers of
For example, C 2 and C n are always +-components. In the following we let τ i = * in the first case and τ i = + in the second one.
It is not hard to see that in the blow-up processX → P 1 × P 1 (X is a standard completion of the minimal resolution of singularities V ′ of V ) every * -component C i , 3 ≤ i ≤ n − 1, appears as a result of an inner blow-up of the previous zigzag, while an outer blow-up of a zigzag creates a +-component.
Lemma 2.19. ([FKZ4]
, Lemma 3.3.10) C t is a * -component if and only if C ∨ t ∨ is a * -component. Now we are able to construct the so-called configuration invariant of V . First, let C i be a +-component. For every feather F i,j with self-intersection −1 we let p i,j be its intersection point with C i . Moreover, if there exists a feather F k,j with mother component C i and k > i, then we also add the intersection point c i+1 ∶= C i ∩ C i+1 to our collection. Note, that such a feather is unique, if it exists. Thus, the collection of points
is just the collection of locations on C i in which the feathers with mother component C i are born by a blow-up. These points are called base points of the associated feathers. The collection
Let now C i be a * -component. In the same way as above we consider Q i as a collection of points on
Note that the intersection point c i+1 of C i and C i+1 cannot belong to this collection due to Definition 2.18 (2) (ii). Identifying C i (C i−1 ∪ C i+1 ) with C * in a way that c i+1 corresponds to 0 and c i to ∞ we obtain a point Q i in the configuration space M * s i . This construction yields a point ) with boundary
Smooth Gizatullin Surfaces with a (−1)-completion and Transitivity
3.1. Presentations of smooth Gizatullin surfaces. Every smooth Gizatullin surface V can be constructed along with a standard completion (X, D) via a sequence of blow-ups starting from the quadric
, 4.1.1, describes an algorithm for constructing standard completions if every boundary component is of type +. In essence, it constructs intermediate surfaces along with certain coordinate systems (x i , y i ), which give the correspondence fibration for a certain pair (C ∨ s ∨ , C s ). In this section we give a generalization of this algorithm.
On the quadric Q = P 1 × P 1 we fix homogeneous coordinates ((s 0 ∶ t 0 ), (s 1 ∶ t 1 )) and introduce the affine coordinates (x 0 , y 0 ) via x 0 ∶= t 0 s 0 and y 0 ∶= t 1 s 1 . Furthermore, we let
n, are of type +, and that all other components are of type * . We choose points c k 3 , . . . , c kr = c n with
Furthermore, we let M i = {P i,1 , . . . , P i,r i }. In the coordinates introduced below the subsets M i are base points of the feathers with mother component C i and the points c k i represent coordinates where a +-component C k i is born by an outer blow-up on
. We consider a decomposition of X → Q into blow-ups, such that every blow-up either creates a boundary component or a family of feathers attached to the same component:
The following algorithm yields affine coordinate systems (x i , y i ), i = 2, . . . , n, on X such that C i = {y i = 0} and C i+1 = {x i = 0} and such that the correspondence fibration for the pair (C
The algorithm:
, we let F 2,j denote the exceptional curves of the blow-up in M 2 and we let F ∨ 2,j denote the proper transform on X 1 of the closure of the affine line {x 0 = a 2,j }. Introduce the coordinates
The situation is illustrated in the figure below (the red dashed line is the proper transform of {x 2 = 0} = {x 0 = c k 3 }).
Now we perform inner blow-ups to create the * -components C 3 , . . . , C k 3 −1 and we fix some t ∈ {2, . . . , k 3 −1}. We start with the blow-up in C 2 ∩C k 3 and we assume by induction that some inner components as well as the corresponding affine coordinates (w i , z i ) are already created, and that C ′ = {z i = 0} and C ′′ = {w i = 0}, where C ′ and C ′′ are two irreducible neighboring components of the zigzag such that
Denoting by E the exceptional curve of the last blow-up, we obtain E = {z i+1 = 0}, C ′′ = {w i+1 = 0} in the first case and C ′ = {z i+1 = 0}, E = {w i+1 = 0} in the second case. In the end, after choosing an appropriate ordering of transformations as in (3.2), after the last blow-up X k 3 −2 → X k 3 −3 we have C t = {z k 3 = 0} and C t+1 = {w k 3 = 0}. We denote these resulting coordinates by (w t , z t ) instead of (w k 3 , z k 3 ).
Performing coordinate transformations as in (2), it is easy to check that we obtain some coordinate systems
Moreover, k ij = 0, l ij = −1 holds if and only if j = i + 1 (i. e. w i+1 = z
denote the exceptional curves of the blow-up in M i and let F ∨ i,j denote the proper transform of the closure of the affine line {w i = a i,j }. Introduce the coordinates
Moreover, replace the coordinates
. . , k 3 . In particular, using (3) it follows that w i+1 = y −1 i . (5) Assume now by induction that all components C 2 , . . . , C ks , 2 ≤ s < r, including the feathers with mother component C i , i ≤ k s − 1, are already created. We repeat the steps (1) -(4), but now with the coordinates (w ks , z ks ) instead of (x 0 , y 0 ). (6) Finally, if all feathers on C 2 , . . . , C n−1 are created, we create in the same way feathers on C n and introduce similarly the coordinates (x n , y n ) and the curves F n,j and F ∨ n,j , j = 1, . . . , r n . We denote the smooth projective surface X obtained in this way by
and the boundary divisor is
By construction, the surface X D = V is a smooth Gizatullin surface. Note, that X D is affine: by applying appropriate elementary transformations we may assume that C 2 1 ≫ 0 and hence it is the support of an ample divisor by the Nakai-Moishezon criterion. We refer to X n as a presentation of V .
Similarly, a standard completion (X, D) of V is called a (−1)-completion if all feathers are (−1)-feathers, or equivalently, if all feathers are attached to their mother components.
Obviously, X n gives a (−1)-presentation of V if and only if
The coordinate systems (x i , y i ) introduced in the above algorithm reflects the correspondence fibration. Two particular cases of the following proposition were shown in [FKZ4] , Prop. 5.2.1 (if all components of D are outer components) and in [Ko] , Prop. 2.36 (if the components C 3 , . . . , C n−1 are inner components):
Proposition 3.2. Assume that there are given affine coordinates (x i , y i ) on a presentation X n as in 3.1. Then, in appropriate coordinates on
, is given by x j . In particular, the pair (F i,j , F ∨ i,j ) is a pair of matching feathers.
Proof. We show this by induction on the number r of outer components of D. For r = 2 the claim is precisely the one of Porp. 2.36 in [Ko] . Assume now that the claim holds for all j = 2, . . . , k r = n. We create one new outer component C k r+1 with coordinates (w k r+1 , z k r+1 ). If k r+1 = k r +1, that is, there are no * -components between C kr and C k r+1 , then we create all feathers on C k r+1 . In this case the claim follows by [FKZ4] , Prop. 5.2.1, since the inductive construction of the coordinates in the algorithm [FKZ4] , 5.1.1 do not differ from the one in 3.1.
Assume now, that k r+1 > k r + 1. We create inner components C kr+1 , . . . , C k r+1 −1 together with all feathers which are attached to these components. Knowing by induction hypothesis that (x kr , y kr ) ↦ x kr gives the correspondence fibration for the pair (C ∨ kr ∨ , C kr ), it follows again by [Ko] , Prop. 2.36 that (x j , y j ) ↦ x j gives the correspondence fibration for the pair (C ∨ j ∨ , C j ) for all j = k r + 1, . . . , k r+1 − 1. Now, at this step there are no feathers attached to C k r+1 . The map (w k r+1 , z k r+1 ) ↦ w k r+1 gives the correspondence fibration for the pair (C
, C k r+1 ) since our coordinates are related by w k r+1 = 1 y k r+1 −1 (keep in mind that the coordinates (w k r+1 , z k r+1 ) change while creating inner components, see step (4) in the above algorithm). Finally, creating feathers on C k r+1 does not neither change the coordinate w k r+1 nor the correspondence firbration for (C
After creating all feathers the coordinate w k r+1 becomes x k r+1 and the proof is complete.
The group
acts on presentations X n in the following way. Given an element h ∈ Jon, the set M 2 is moved by h into a new set of points M
Continuing this way (for outer and inner components) we obtain an isomorphism
Note also, that h maps the set of points blown up by (X, D) → Q onto the set of points blown up by
These ϕ i are called elementary shifts. Thus, for studying the action of Jon on presentations of V it suffices to study the actions of the elementary shifts and of T.
3.2. Transitivity of the automorphism group. Besides the surface C * × C * , the quasi-homogeneous surfaces are precisely the surfaces which are completable by a zigzag. Unfortunately, the last property is far away from being equivalent to homogeneity of the surface. In each positive characteristic p > 0 counterexamples were found very soon (see [DG1] ). But in characteristic zero a long time no counterexamples were known. In [Ko] it is proved that a certain subclass of Gizatullin surfaces which admit a distinguished and rigid extended divisor provides the desired counterexamples (for the notion of a distinguished and rigid extended divisor see [FKZ3] section 1 and 2). But it is an open problem (in every chracteristic) to classify all quasi-homogeneous surfaces which are not homogeneous.
In this section we provide a partial solution for this problem.
To be more precise, we give conditions for a quasi-homogeneous surface to be homogeneous if it admits a (−1)-completion. 
Proposition 3.3 shows that the finite complement V O of the big orbit O is contained in the union of all feathers. In order to formulate the main result, we need to determine those boundary components C i with the property that for every feather F , which is attached to C i , we have F D ⊆ O. 
then C 4 and C 5 are the exceptional components of D. Indeed, the blowup X → Q factorizes as follows:
Hence E D = {4, 5}.
Most of the technical work is contained in the following lemma:
Lemma 3.5. Let V be a smooth Gizatullin surface which admits a (−1)-completion and let (X, D) be a standard completion of V , corresponding to a presentation
Consider an elementary shift h(x 0 , y 0 ) = (x 0 + ay t−2 0 , y 0 ), a ∈ C and t ≥ 2, and the corresponding map
Proof. We consider on (X, D) the coordinates (x i , y i ), 2 ≤ i ≤ n, which were constructed in 3.1 and define
Sometimes we will consider the lift of h on an intermediate surface with our coordinates (w i , z i ). In this case we also write
if no confusion arises. Now we are interested in the behaviour of h in the infinitely near neighborhood of C 2 . Since ξ i and η i are rational functions in x i , y i which are regular in a neighborhood of C 2 , we can express them as power series in x i , y i . This will cause less difficulties to determine the general form of the lift of h after performing several blow-ups.
Claim 1:
The elementary shift h is a rational function in x i , y i (respectively w i , z i ), expressed by power
, and is given by the following expressions:
(1) If i = k s and 2 ≤ s ≤ t − 1, then
for some power series R
In particular, the same holds for the coordinates (x i , y i ), i. e.
for some constant f i (a) ∈ C, depending on a, and some R(
for some s = 2, . . . , r − 1, then
for some integers a i ≥ 0, b i ≥ 1. Moreover, we have b i ≥ 2 if and only if C i is not an exceptional component. We show Claim 1 by induction on the number of blow-ups performed to obtain X n from Q. For this, we have to check that the general form of (ξ i , η i ) is preserved under (i) inner blow-ups, (ii) outer blow-ups, (iii) creating feathers on outer boundary components, (iv) creating feathers on inner boundary components.
First, the claim obviously holds for the surface Q. Assume now that the intermediate surface X(M 2 , . . . , c ks , M ks ), s ≤ t − 1 is already constructed. We use algorithm 3.1 and create an outer component C k s+1 by a blow-up in a point in C ks C ks−1 , and thereafter, we create the inner components C ks+1 , . . . , C k s+1 −1 . Now, if k s < i < k s+1 − 1, the lift of h has the form (3.5) 
For brevity we let
ξ j −c (note, that h induces the identity on every inner component), we see that
The inverse relation is
Putting this together and denoting by R, S, T etc. the resulting power series in the intermediate steps, we get
Note, that (w q z m −c) bq−as admits a power series expansion near z ′ = 0 and therefore U ∶= (w q z m −c) bq−as T is a power series as well. Using binomial expansion we obtain
Now, every exponent of w ′ and z ′ , respectively, in the expression inside the bracket is at least a + 1 and b + 1, respectively. Thus, since (w ′ q z ′ m − c) −j also admits a power series representation, the bracket is of the form 1 + w ′a z ′b V for some power series V . In summary, we get
for some power series R ′ . Similarly, η ′ can be computed in the same way. This gives assertion (3) in the case s ≤ t − 1.
Let us show assertion (1). Assume by induction that (1) holds for some i = k s such that s ≤ t − 1. Applying our algorithm in 3.1, we create C k s+1 by an outer blow-up in a point of C ks C ks−1 , say in (x ks , y ks ) = (c, 0). Since s ≤ t − 1, we have h(c, 0) = (c, 0). This leads to (x ks , y ks ) = (w k s+1 z k s+1 + c, z k s+1 ) and (ξ ks , η ks ) = (ξ k s+1 η k s+1 + c, η k s+1 ) . Now, using that (ξ ks , η ks ) = (x ks + y t−s ks R, y ks (1 + y t−s ks S)), it is easy to check that (ξ k s+1 , η k s+1 ) is of the form
with some power series R ′ , S ′ , if s ≤ t − 2. Moreover, in the case s = t − 1, we even obtain that (ξ k s+1 , η k s+1 ) is of the form
with some constant f (a) ∈ C, depending on a, and some power series R ′ , S ′ (this arises due to the fact that for any power series R(x, y), the expression R(uv + c, v) is always of the form b + vS(u, v) for some constant b and some power series S).
As before, we start to create the inner components C ks+1 , . . . , C k s+1 −1 , lying between the outer components C ks and C k s+1 . Let us now check that replacing
)(ξ k s+1 , η k s+1 ) for some j ∈ {k s + 1, . . . , k s+1 − 1} preserves the form of ξ k s+1 and η k s+1 . Abbreviating as in (3.6) by
Using binomial expansion we see that the expression inside the second bracket is of the form w ′q z ′m − c + z ′t−s−1 T for some power series T . Thus,
for some power series R ′ . Repeating this for all j ∈ {k s + 1, . . . , k s+1 − 1}, the coordinates (w k s+1 , z k s+1 ) become (x k s+1 , y k s+1 ) and the claim follows for ξ k s+1 . Similarly we proceed for η k s+1 . It remains to check that the form of ξ k s+1 and η k s+1 does not change after creating a feather on C k s+1 , say in (w k s+1 , z k s+1 ) = (c, 0). We assume in addition that s ≤ t − 2 (the case s = t − 1 already corresponds to assertion (2) of Claim 1). Since h(c, 0) = (c, 0), we introduce new coordinates via
It follows that
and, using the geometric series,
for some power series R ′ , S ′ . Hence the proof of (1) is complete. Let us show assertion (2). It is shown above that (ξ ks , η ks ) in the case s = t has the desired form if no feather is attached to C ks . Let s ≥ t. By induction hypothesis we have (ξ ks , η ks ) = (x ks + f i (a) + y ks R, y ks (1 + y ks S)).
We perform an outer blow-up in some point (x ks , y ks ) = (c, 0) to create the component C k s+1 . Since h maps this point to (ξ ks , η ks ) = (c + f i (a), 0), we introduce the affine coordinates
Letting for brevity (w
η ks , η ks = x ks − c + y ks R(x ks , y ks ) y ks (1 + y ks S(x ks , y ks )) , y ks (1 + y ks S(x ks , y ks ))
η k s+1 already has the desired form. The power series R(
. This yields
where
with some constant a ′ , depending on a. Now we perform inner blow-ups to create the components C ks+1 , . . . , C k s+1 −1 and then further blow-ups to create the feathers. Again, we have to show that replacing
)(w k s+1 , z k s+1 ) for some j ∈ {k s + 1, . . . , k s+1 − 1} (and similarly for (ξ k s+1 , η k s+1 )) preserves the form of (ξ k s+1 , η k s+1 ) asserted in (2). However, this is a similar computation as in the corresponding part of the proof of assertion (1). Further, it is straightforward to check that the form of (ξ ks , η ks ) remains the same if we create additional feathers on C ks by blow-ups of points on C ks C ks−1 . Hence (2) follows.
Finally, it remains to show (3) in the case that s ≥ t. Again, using assertion (2) it is easy to check that formula (3.5) holds as well for s ≥ t, and even, if we create further feathers on C j for some j ∈ {k s + 1, . . . , i − 1}. Hence we obtain assertion (3) for every s = 2, . . . , r − 1. This completes the proof of Claim 1. Now we show that any elementary shift h(x 0 , y 0 ) = (x 0 +ay t−2 0 , y 0 ) maps the intersection point F ∩F ∨ on the intersection point h(F )∩h(F ) ∨ = G∩G ∨ , if F is attached to C i , where C i is inner and not exceptional. We fix an arbitrary i ∈ {k s + 1, . . . , k s+1 − 1} and assume that all feathers attached to any C µ with µ < i are already created. Therefore we use the coordinates (w i , z i ) on the corresponding intermediate surface.
To create the feather F on the component C i we blow up in a point the map h fixes the point (d, 0) . After the blow-up in (d, 0) we introduce the affine coordinates (u, v) and (ξ, η), respectively, via (w i , z i ) = (uv + d, v) and (ξ i , η i ) = (ξη + d, η), respectively. In these coordinates we have F D = {v = 0} and h(F ) h.D = {η = 0}. A short direct computation shows that the lift of h has the form
for certain power series A and B (and furthermore, A(u, 0) = d
Hence, if F is not attached to an exceptional component, the map h induces the identity on F (recall that b i = 1 if and only if C i is exceptional). In particular, h(0, 0) = (0, 0) holds for every elementary shift
, the claim follows immediately.
Another technical subtlety (which shows that feathers attached either to exceptional components or to outer components do not provide points in the complement of O), which plays an important role in the proof of the main theorem (see Theorem 3.9) is stated in the following lemma:
Lemma 3.6. Let (X, D) be a (−1)-completion of a smooth Gizatullin surface V , F a feather of D ext which is attached to C i and let h be the elementary shift h a,t+1 (x 0 , y 0 ) = (x 0 + ay
has the form h(u, 0) = (u + f (a), 0) (in the coordinates (u, v) and (ξ, η) used in (3.7)), where f (a) is non-zero constant for general a.
Proof. Case 1: C i is an outer component, i = k t for some t = 2, . . . , r. We consider the lift of h onto an intermediate surface X M , M ≤ N , where X M contains only feathers with mother component C j , j ≤ k t −1. Then by Claim 1 in the proof of Lemma 3.5, h has the form
The same computation which leads to (3.7) shows, that the claim is equivalent to the following property: R(u, 0) is a non-trivial polynomial in a for every fixed u ∈ C.
First, this is obviously true if X = Q (and t = 3). Now, considering the inductive contruction of our local coordinate charts and the computations made above it is easy to see that this property is preserved after every step. Hence the claim follows.
Case 2: C i is an inner exceptional component. The claim follows by a similar argument as in case 1.
For our main result we will have to assume that V admits a (−1)-completion (X, D) such that its
is also a (−1)-completion (be careful, a reversion of a (−1)-completion does not necessarily result in a (−1)-completion!). Fortunately, we get the second condition for free, assuming only that V admits a (−1)-completion.
Lemma 3.7. (cf. also [FKZ4] , Prop. 4.3.8 for a special case). Let
. . , c n , M n ) be a (−1)-presentation. Then there exists a finite sequence of elementary shifts which transforms X n into a new (−1)-presentationX n = X (M 2 , . . . ,M k 3 −1 ,c k 3 ,M k 3 , . . . ,c n ,M n ), such that its reversion is again of (−1)-type.
Proof. In essence, we follow the proof of Prop. 4.3.8 in [FKZ4] , which asserts the same for the special case where all components of D are outer ones.
Proof of Claim 1: For t = 2 the claim is obviously true. Hence we assume in the sequel that t ≥ 3. Since X n is a (−1)-presentation, it can be obtained by first creating the sub-zigzag C 0 ∪C 1 ∪C 2 ∪C k 3 ∪⋯∪C k r−1 ∪C n (which consists only of the outer components), then by blowing up all
and finally by creating all inner components and the corresponding feathers. We consider again our coordinates
. After a suitable translation we may suppose that c k 3 = (0, 0). The blow-up with center c k 3 can be written in coordinates as
In these coordinates the exceptional curve C k 3 is given by y ′ = 0 and the proper transform of C 2 by x ′ = ∞. Hence, h a,t lifts as
In particular, h a,3 yields the identity on C k 3 C 2 ≅ A 1 , and consequently, on all C 3 , . . . , C k 3 −1 . Otherwise, if t = 3, it yields the translation by a on C k 3 C 2 ≅ A 1 , and the identity on all C 3 , . . . , C k 3 −1 . Formula (3.8) remains the same after replacing the coordinates (x ′ , y Claim 2: Let
be presentations with reversed presentation
Proof of Claim 2: Starting with the completion (X n , D n ) of V , we consider the correspondence fibration 
In particular, Claim 2 holds. Now, the assertion of the lemma can be shown as follows. Let
, . . . , c ∨ n , M 2 ) be the reversion of X n . With a suitable coordinate on A 1 ≅ C kt C kt−1 , the elementary shift h a,t transforms X n into a (−1) presentation
Choosing a general we may suppose that
Applying successively shifts h at,t , t = 3, . . . , r, with general a t ∈ C, the resulting surfaceX n satisfies (3.9) for all t = 3, . . . , r, hence it is of (−1)-type.
Remark 3.8. As mentioned above, reversing a (−1)-completion (X, D) does not result in a (−1)-completion in general. Thus, studying the automorphisms of smooth Gizatullin surfaces which admit a (−1)-completion forces us to consider also lifts of elementary shifts on completions of V which are not (−1)-completions. However, a similar computation as in the proof of Lemma 3.5 yields that ξ i and η i are of the same form if k s < i < k s+1 , disregarding the fact that some of the feathers may be not (−1)-feathers. This is all we need to prove our main result below.
In the following we fix some notations. Let W m ∶= {z ∈ C * z m = 1} ≅ Z m be the set (group) of m-th roots of unity. Every finite non-empty subset A ⊆ C * can be written in the form
The integer m(A) is precisely the number of G(A)-orbits under the G(A)-action on A. In addition, if A = ∅, we let G(∅) ∶= C * and m(∅) ∶= 0.
Using Lemma 3.5 we can exhibit further examples of smooth quasi-homogeneous surfaces which are not homogeneous. The following theorem is the main result of this article:
Theorem 3.9. Let V be a smooth Gizatullin surface which admits a (−1)-completion and let (X, D) a standard completion of V of (−1)-type.
. . , k r }, be the base point set of the feathers F i,j . Furthermore, for every i with k s + 1 ≤ i ≤ k s+1 − 1
where we identify B i,j with B i ∨ ,j after a suitable numbering of the orbits. 2 Moreover, in both cases, we let
(1) The subsets O 0 and O i,j are invariant under the action of Aut(V ) Proof. Let ϕ ∈ Aut(V ). We choose an arbitrary standard completion (X, D) of V and extend ϕ to a birational mapφ
We decomposeφ into a sequenceφ = ϕ m ○ ⋯ ○ ϕ 1 according to Prop. 2.11. In each of these completions
i,j the corresponding subsets defined in (3.10) or (3.11) (and similarly for the boundary components, the base point sets of the feathers etc.). Now there are three possible cases:
After a suitable numbering of the feathers in (X k , D k ), the proper transforms of
, which implies that after a suitable numbering of the G(A
Case 2: ϕ k is an elementary shift. By Lemma 3.5, the map ϕ k maps O
Case 3: ϕ k is a torus element. First, note that fibered maps do not change the configuration invariant Q(V, D). In particular, ϕ k preserves Q(V, D).
Let ϕ k (x 0 , y 0 ) = (ax 0 , by 0 ) for some a, b ∈ C * . Introducing the same coordinates (x i , y i ), (w i , z i ) and their images (ξ i , η i ) and observing the behaviour of ϕ k in these coordinates it is easy to check that ϕ k induces on every boundary component a multiplication u ↦ λu for some constant λ (depending on a, b and the component). We fix some i ∈ {k s + 1, . . .
i . Since ϕ k maps the base point sets A i , the base points of the feathers
) are in the 2 Since Qi = Q i ∨ , we have A i ∨ = αi ⋅ Ai for some αi ∈ C * . Thus we have B i ∨ ,j = αi ⋅ Bi,j for a suitable numbering of the orbits. Note, that this correspondence is well-defined, since two such αi differ by an element of G(Ai) = G(A i ∨ ), which leave the B i ∨ ,j invariant.
has the form (u, 0) ↦ (λ ′ u, 0) for some λ ′ ∈ C * , and hence ϕ k (0, 0) = (0, 0). In other words,
. As in case 1 we may assume that
i,j . We consider now the configuration invariant Q(X, D) = (Q 2 , . . . , Q n ) of V . Here we have to distinguish two cases, namely either Q(X, D) is symmetric (i. e. Q i = Q i ∨ for all i) or not. Assume first, that Q(X, D) is not symmetric. Then the number of reversions among ϕ 1 , . . . , ϕ m is even and the above cases imply D) is symmetric, then the number of reversions occuring in the decomposition ofφ may also be odd. However, by construction of the O i,j in the symmetric case we have
. From here we conclude as above. Hence, assertion (1) follows.
To show (2), we consider a feather F which is either attached to an outer component C k s−1 or to an inner exceptional component C i with k s−1 < i < k s , and a point p ∈ F D ⊆ V . By Lemma 3.6, the elementary shift h(x 0 , y 0 ) = h a,s (x 0 , y 0 ) = (x 0 + ay s−2 0 , y 0 ), a ≠ 0, induces a non-trivial translation on F D (in the coordinates (u, v) and (ξ, η) used in (3.7), see Lemma 3.6). In other words, h induces for general a ∈ C a birational map
is contained in h(F ), but not in any matching feather. By Prop. 3.3, h(p) is contained in the big orbit of V ′ and therefore, the same holds for p. Hence (2) follows.
Finally, assume that r i > 0 holds for a unique i ∈ {2, . . . , n}. If n ≥ 4 , then C 3 , . . . , C n−1 are necessarily * -components and all feathers are attached to some C i with 3 ≤ i ≤ n − 1. In this case assertion (4) is precisely the statement of [Ko] , Theorem 3.11 (4). Otherwise, if n ≤ 3, then we necessarily have either n = 1 (which gives V = A 2 ) or n = 2 and all feathers are attached to C 2 . In the last case we obtain the Danielewski surfaces V = {xy − P (z) = 0} ⊆ A 3 , where P (z) is a polynomial with pairwise distinct roots (see [BD1] , Thm. 5.4.5). However, in both cases the action of Aut(V ) is transitive, i. e. O = V = O 0 .
Now the following corollary is obvious:
Corollary 3.10. Let V be a smooth Gizatullin surface that admits a (−1)-completion. Consider a presentation X n = X(M 2 , M 3 , . . . , c k 3 , M k 3 , . . . , c n , M n ) of V . Then V is not homogeneous if there exists an integer i ∈ {2, . . . , n} with i ∈ E D ∪ E ∨ D ∨ ∪ {k 2 , k 3 , . . . , k r } such that there is at least one feather attached to C i .
Remark 3.11. It is much more involved to give a necessary condition for V to be not homogeneous. The reason is as follows. By Prop. 3.3, it is still possible that certain points F i,ρ ∩ F . However, it is still not clear whether these feathers do intersect or not. At least, the algorithm given in section 3.1 allows us to compute explicit equations for all feathers and their duals, hence it is possible to decide this for any concrete presentation of V .
Automorphism group of Gizatullin surfaces with a Rigid Extended Divisor
This section is devoted to the study of the structure of automorphism groups of smooth Gizatullin surfaces. We exhibit among non-homogeneous smooth Gizatullin surfaces examples of surfaces with a huge group of automorphisms. Hugeness means that the automorphism group has the following properties: (1) the subgroup Aut(V ) alg , generated by all algebraic subgroups, is not generated by a countable subset of algebraic subgroups and (2) the quotient Aut(V ) Aut(V ) alg contains a free group over an uncountable set of generators (see also [BD2] , 4.2).
To exhibit these desired properties for certain Gizatullin surfaces V , it is more convenient to consider 1-standard completions of V , which arise by a blow-up of the Hirzebruch surface F 1 . In the following we introduce some notations concerning 1-standard pairs. According to [BD1] , Lemma 1.0.7, any smooth 1-standard pair (X, D) may be obtained by some blow-ups of points on a fiber of F 1 . Let us fix an embedding of F 1 into P 2 × P 1 via
We denote by τ ∶ F 1 → P 2 the projection on P 2 , by C 0 and C 2 the lines {z = 0} and {y = 0} as well as their proper transforms on F 1 and by C 1 the exceptional curve τ −1
1 . Moreover, we have isomorphisms
as well as
In these coordinates we have C 2 = {v 0 = 0}. In the following we denote these coordinates on
We denote by Aff the group of automorphisms of A 2 , which extend to automorphisms of P 2 and by Jon the group of triangular (de Jonquières) automorphisms, i. e. automorphisms which preserve the fibration given by C 0 . In other words, we have
Sometimes we need the action of the 2-torus
we associate to this point its image (λ ∶ 1 ∶ 0) in P 2 via the map τ ○ η ∶ X → P 2 . Using this identification we simply write λ ∈ C 0 C 1 .
We recall the following usefull lemma:
and let η i ∶ Y i → F 1 be the (unique) birational morphism. Then, the following statements are equivalent:
(a) The A 1 -fibered surfaces (X 1 D 1 , π 1 ) and (X 2 D 2 , π 2 ) (respectively the pairs (X 1 , D 1 , π 1 ) and (X 2 , D 2 , π 2 )) are isomorphic.
(b) There exists an element of Jon (respectively of Jon ∩ Aff) which sends the points blown-up by η 1 onto those blown-up by η 2 and sends the curves contracted by µ 1 onto those contracted by µ 2 .
Following [BD1], we introduce for an A 1 -fibered surface V a (not necessarily finite) graph F V , which reflects the structure of the automorphism group of V , as follows. (1) A vertex of F V is an equivalence class of a 1-standard pair (X, D), such that X D ≅ V , where two 1-standard pairs (X 1 , D 1 ,π 1 ) and (X 2 , D 2 ,π 2 ) define the same vertex if and only if (
(2) An arrow of F V is an equivalence class of reversions. 
2 ) define the same arrow if and only if there exist isomorphisms θ ∶ (X 1 , D 1 ) → (X 2 , D 2 ) and θ
Remark 4.3. It follows from the definition that for a given 1-standard pair (X, D), two reversions ϕ ∶ (X, D) ⇢ (X 1 , D 1 ) and ϕ ∶ (X, D) ⇢ (X 2 , D 2 ) with centers in p 1 and p 2 , respectively, define the same arrow if and only if there exists an automorphism ψ ∈ Aut(X, D) such that ψ(p 1 ) = p 2 .
The structure of the graph F V allows us to decide, whether the automorphism group Aut(V ) of V is generated by automorphisms of A 1 -fibrations. Here we say that ϕ ∈ Aut(V ) is an automorphism of 
where H is the (normal) subgroup of Aut(V ) generated by all automorphisms of A 1 -fibrations and Π 1 (F V ) is the fundamental group of the graph F V . In particular, the graph F V is a tree if and only if Aut(V ) is generated by automorphisms of A 1 -fibrations on V .
To determine the structure of F V we must have knowledge of all possible 1-standard completions of V . Since a general Gizatullin surface might have an immense number of pairwise non-isomorphic 1-standard completions, there is less hope to compute F V in the general case. However, in the following we restrict to surfaces which admit only rigid extended divisors. Omiting the precise notion of rigidity of an extended divisor, it means, roughly speaking, that no feather can jump to another boundary component (see [FKZ3] for the notion of rigidity of an extended divisor). For example, if a Gizatullin surface V admits a 1-standard completion (X, D) such that every feather is attached to an inner component, the divisor D ext is rigid. In this case it follows by the Matching Principle and Lemma 2.19 that any other extended divisor of V has the same property. Thus, for a surface with this property the dual graph Γ Dext of its extended divisor D ext can attain at most two different forms. These are precisely the surfaces we study in the following.
Let V be a smooth Gizatullin surface and (X, D) a 1-standard completion of V . Denoting as always by r i the number of feathers attached to the boundary component C i , we assume for the rest of the article that V has the following property: ( * ) V is a smooth Gizatullin surface such that there exists a 1-standard completion (X, D) of V such that there are no feathers attached to outer components of D and such that r i > 0 holds for at most two i, say i = s and i = t with s ≤ t.
In particular, ( * ) implies that r ≤ 4. By the way, if condition ( * ) holds, the same condition holds for any m-standard completion of V , since we can change the weight C To perform explicit calculations with 1-standard pairs we need to introduce affine coordinates on their completions. One possible way to do this is just to adopt the algorithm in 3.1 for 1-standard pairs. Thus we can introduce similar affine coordinates (w i , z i ) and (x i , y i ), 2 ≤ i ≤ n, with the same algorithm, but this time starting with the coordinate system (u 0 , v 0 ) instead of (x 0 , y 0 ). Note, that in this case the map (x i , y i ) ↦ x i describes the correspondence fibration for the pair (C ∨ i ∨ , C i ) if and only if the reversion we deal with is centered in λ = 0 as well as its inverse. However, since we are interested only in the behaviour of the points blown up in X → F 1 under birational maps, we don't need the correspondence fibration. Thus such coordinates are sufficient for our purpose, disregarding this small defect.
In the following we denote by Q i the i-th configuration invariant of V (i. e. , Q i is the set of base points of feathers attached to C i modulo the C * -action on C i (C i−1 ∪ C i+1 ) ≅ C * ). Moreover, fixing a (semi-)standard completion (X, D) of V we denote by ω i ∶= C 2 i , 2 ≤ i ≤ n, the self-intersection numbers of the boundary components.
Proposition 4.5. Let V be a smooth Gizatullin surface satisfying ( * ) and let (X, D) be a 1-standard completion of V . Then V admits at most two conjugacy classes of A 1 -fibrations. Moreover, V admits a unique conjugacy class of A 1 -fibrations if and only if ω i = ω i ∨ , t = s ∨ , r s = r t and Q s = Q t .
Proof. Since any birational map between 1-standard completions of V can be decomposed into fibered modifications and reversions and since fibered modifications do not change the invariants ω i , r i and Q i , we have to show the following:
, where ϕ i are reversions and ψ is a fibered modification, then (
the number of feathers attached to the i-th boundary component of (X 1 , D 1 ) respectively (X 2 , D 2 ) (and similarly for the configuration invariants, the boundary components etc.). Since fibered maps do not change the configuration invariants, the Matching Principle yields that ω
As we have seen in the proof of Theorem 3.9, a torus element t ∈ T, t(u 0 , v 0 ) = (au 0 , bv 0 ) defines a map
) such that its restriction on boundary components is of the form
in the corresponding w i -coordinates and the identity on all inner components. Now we proceed as follows. Denote by A (k) i , k = 1, 2, the base point sets of the feathers of
for some α, β ∈ C * . Since p s q t − p t q s ≠ 0, there exists an element t = (a, b) ∈ T such that a ps b qs = α and a pt b qt = β. We apply now t to (X 1 , D 1 ) to obtain a new completion (X ′ kt for t = 2, . . . , r. Now, the map
, since all points blown up by X 1 → Q are mapped onto those blown up by X 2 → Q. It follows that (
Let us prove the second part. Clearly, if one of the conditions ω i = ω i ∨ , t = s ∨ , r s = r t and Q s = Q t does not hold, the A 1 -fibered surfaces (V, π) and (V, π 
1 ). Using the arguments above, the condition ω i = ω i ∨ , t = s ∨ , r s = r t and Q s = Q t is equivalent to the condition that there is a fibered map which maps the points blown up by X → Q onto those blown up by X ∨ → Q. Corollary 4.6. Let V be a smooth Gizatullin surface satisfying ( * ). Then the following holds:
(1) If C 3 , . . . , C n−1 are inner components, the graph F V has one of the following structures:
If one of the components C 3 , . . . , C n−1 is an outer component, the graph F V has one of the following structures: (i) F V consists of two vertices v 1 and v 2 and uncountable many arrows between v 1 and v 2 .
(ii) F V consists of a unique vertex v and uncountable many arrows starting and ending at v. In both cases F V admits a unique vertex if and only if ω i = ω i ∨ , t = s ∨ , r s = r t and Q s = Q t .
Proof. The last assertion follows directly from Proposition 4.5 and the fact that the vertices of F V are in bijection to conjugacy classes of A 1 -fibrations of V . Assertion (1) is proven in [Ko] , Theorem 3.4. Let us show (2). By Proposition 4.5 it follows that F V has at most two vertices. We show that F V has uncountable many arrows. Let (X, D) be an arbitrary 1-standard completion of V . It is sufficient to show that the group Aut(X, D) is finite. Indeed, two
) centred in λ 1 and λ 2 define the same arrow if and only if there is an automorphism ϕ ∈ Aut(X, D) which maps λ 1 to λ 2 . Therefore there are uncountable many pairwise non-equivalent reversions starting from (X, D). Elements ϕ ∈ Aut(X, D) are lifts of maps of the form ϕ(u 0 , v 0 ) = (au 0 + αv 0 + β, bv 0 + c). Since ϕ stabilizes C 2 (which is the closure of {v 0 = 0}) we have c = 0. The map ϕ induces on the two (inner) boundary components C s and C t maps of the form C s (C s−1 ∪ C s+1 ) → C s (C s−1 ∪ C s+1 ), w s ↦ a ps b qs w s , C t (C t−1 ∪ C t+1 ) → C t (C t−1 ∪ C t+1 ), w t ↦ a pt b qt w t , such that p s q t − p t q s ≠ 0. Thus, since ϕ stabilizes the base point sets of the feathers, a and b can only attain a finite number of values. Moreover, since ϕ stabilizes C 2 ∩ C 3 , we have (ac k 3 + β, 0) = (c k 3 , 0). Thus β is determined by the value of a. Finally, we consider the blow-up X 2 → X 1 from 3.1 (2), which creates the outer component C k 3 by a blow-up in (u 0 , v 0 ) = (c k 3 , 0). Introducing the coordinates
gives C k 3 C k 3 −1 = {z k 3 = 0} and ϕ induces the linear map C k 3 C k 3 −1 ∼ → C k 3 C k 3 −1 , w k 3 ↦ ab −1 w k 3 + αb −1 . Since ϕ stabilizes the intersection point C k 3 ∩ C k 3 +1 , which corresponds to a certain point (w k 3 , z k 3 ) = (c In particular, if Π 1 (F V ) is not countable, then Aut(V ) is not generated by a countable set of algebraic subgroups.
Since any Gizatullin surface as in Corollary 4.6 (2) admits a boundary component with self-intersection ≤ −3, we immediately obtain the following corollary:
Corollary 4.7. Let V be a Gizatullin surface as in Corollary 4.6 (2). Then Aut(V ) is not generated by a countable set of algebraic subgroups.
We assume further that a smooth Gizatullin surface V satisfies ( * ) with r = 4. In other words, a 1-standard completion (X, D) of V admits precisely three outer components in D ≥2 , namely C k 2 = C 2 , C k 3 and C k 4 = C n , and precisely two families of feathers, both attached to inner components of D. Though this consition is not really necessary (i. e. the result remains valid without the assumption r = 4), it simplifies the proof a litte. Furthermore, we assume that F V consists of two vertices. Under these special assumptions we have Corollary 4.8. Denote by Aut(V ) alg the (normal) subgroup of Aut(V ) generated by all algebraic subgroups of Aut(V ). Then Aut(V ) Aut(V ) alg contains a free group F over an uncountable set of generators.
Proof. First we show the following Claim: Let (X 1 , D 1 ) and (X 2 , D 2 ) two 1-standard completions of V such that (X 1 D 1 , π 1 ) ≅ (X 2 D 2 , π 2 ). Then (X 1 , D 1 ) ≅ (X 2 , D 2 ).
We consider any isomorphism ϕ ∶ (X 1 D 1 , π 1 ) ≅ (X 2 D 2 , π 2 ), which is by Lemma 4.1 a lift of some automorphism of the form ϕ(u 0 , v 0 ) = (au 0 + P (v 0 ), bv 0 + c). Roughly speaking, the idea behind the following is that we subdivide the arrows of F V into (an uncountable set of) disjoint pairs. Every such pair defines a loop in F V and we associate to every such loop an automorphism of V . The group generated by these automorphism will be our F .
We choose an uncountable subset A ⊆ C as follows: By the above claim there exists a unique 1-standard completion of V representing a given vertex. Choose two 1-standard completions of V representing the vertices of a reversion centred in a ′ . Now, for any a ∈ A we consider the birational map
By construction, its inverse ϕ centred in σ(a) . The map ϕ a restricts to an automorphism of V , which will be denoted by the same letter. We claim that the group F ∶= ⟨ϕ a a ∈ A⟩ is free and intersects Aut(V ) alg trivially.
First we show the freeness. By the uniqueness part of Prop. 2.12, any composition of the form (ϕ a 1 ) δ 1 ○ ⋯ ○ (ϕ as ) δs ∶ (X, D) ⇢ (X, D) with δ i ∈ Z {0} and a i ≠ a i+1 has minimal length. This implies that any automorphism ϕ ∶= (ϕ a 1 V ) δ 1 ○ ⋯ ○ (ϕ as V ) δs ∈ Aut(V ) with s ≥ 1, δ i ∈ Z {0} and a i ≠ a i+1 is not trivial. Now, the image of ϕ in Π 1 (F V ) consists of a product of loops based on [(X, D)] of length ≥ 2. Since the image of any element of Aut(V ) alg can only contain loops of length 1, we obtain that F ∩Aut(V ) alg = {id V } and the proof is complete.
Let us give a concrete example of a smooth non-homogeneous Gizatullin surface with a huge automorphism group: Example 4.9. A smooth Gizatullin surface V with the following extended divisor is non-homogeneous and has a huge automorphism group:
Indeed, it is easy to check that the only outer components are C 2 , C 6 and C 10 , and moreover, E D = {5, 9} and E D ∨ = {3, 5, 7, 9}, hence E ∨ D ∨ = {3, 5, 7, 9}. Thus by Theorem 3.9, Aut(V ) admits at least two fixed points (the intersection points of the feathers with their duals) and Cor. 4.7 and Cor. 4.8 give the desired statement about the hugeness of Aut(V ).
